INTRODUCTION
The ionosphere is a part of the earth's atmosphere which starts at about 50 km and extends to roughly 1000 km height (Zolesi et al. 2014) . In these layers, solar radiation ionizes a fraction of the present molecules and hence generates a plasma (Kelley 2009 ). For radio signals traveling from space to earth or vice versa, this conductive layer represents a dispersive medium. In a global navigation satellite systems (GNSS) receiver usually, corrections for the phase advance and the group delay introduced by the propagation of the satellite signal through the ionosphere are corrected with a single coefficient added to the code phase and carrier phase pseudorange measurement. However, this neglects the dispersive nature of the ionosphere, especially for broadband signals (Gao et al. 2007 , Henkel et al. 2009 ). For some applications like precise positioning (Henkel et al. 2009) or GNSS signal verification (Thoelert et al. 2013 ) the correction of the introduced group delay and phase advance by one single coefficient in the carrier phase and code phase pseudoranges does not provide sufficient accuracy in correcting these ionospheric effects. In case of signal verification, there is a great need for broadband ionospheric corrections with high accuracy in order to assess the characteristics of the payload and to perform signal quality monitoring (SQM). In this case, it is also desired to derive ionospheric corrections immediately during the measurements with a high gain antenna and usually only observing one GNSS frequency band. Usually, total electron (TEC) maps derived based on a network of GNSS receivers are not available in real-time and are only available with a certain delay. Thus, TEC maps are only useful in post-processing the high gain measurement data, but not for real-time ionospheric corrections.
In this work, we explore how the dispersive nature of the ionosphere is affecting broadband signals, in particular, how the socalled signal constellation diagram is affected. Furthermore, we will present a novel method to estimate slant TEC based on single frequency high gain antenna measurements and we show that based on these estimates the dispersive nature of the ionosphere can be taken into account for broadband GNSS signals ionospheric corrections. Such analysis, estimation of slant TEC, and ionospheric corrections for broadband signals are especially interesting for SQM and signal verification using high gain antennas.
In the section below we define the signal model after propagating through the ionosphere and after downconversion to baseband. Afterwards, we will derive an estimator for single frequency slant TEC estimation based on binned-data (signal constellation diagram). Finally, we will assess the dispersive effect of the ionosphere in broadband signals and we will analyze the performance of our new approach to estimate slant TEC based on high gain antenna measurements.
SIGNAL MODEL
A digitally modulated bandpass GNSS signal transmitted by a satellite can be given by
where y I (t) is the so-called inphase component and y Q (t) quadrature component. P t is the transmit power and f c is the carrier frequency of the signal. The Fourier transform of y �(t) is denoted by ℱ{y �(t)} = Y � (f) and the respective inverse Fourier transform is given by ℱ −1 �Y � (f)� = y �(t). Propagation of the signal through the ionosphere can be approximated by the transfer function
with Δ ( ; ) being the group delay introduced by the propagation of the signal through the ionosphere. Please note, that the inverse Fourier transform of ( ; ) cannot be derived as the integral ∫ ( ;
does not converge. However, the inverse Fourier transform of � ( ) ( ; ) can be derived in case �( ) is bandlimited to the single-sided bandwidth and > . In the following, besides the ionosphere, we only consider free space path-loss , and no other effects caused by the troposphere, multipath, etc.. Following (Hoibinger and Jakowski 2017) the troposphere can be considered to be a nondispersive medium and consequently troposphere delay effects are identical for group and phase delay observations. Thus, the troposphere does not affect estimates of the slant TEC based on the dispersion influencing GNSS signals. Multipath can be neglected, as for the beamwidth of the high gain antenna pattern is very small and the sidelobe to mainlobe gain ratio is large.
Thus, the received signal after propagating from the satellite to the receiver on earth can be given by
where is the gain of the receive antenna, is the gain of the transmit antenna, = is the received power, ( ) = ( ) + ( ), ℱ{ ( )} = ( ) , and ℱ� ( )� = ( ) . Performing down-conversion of the signal by multiplying the passband signal with either 2 cos (2 ) or −2 sin(2 ) and subsequent low-pass filtering with
as depicted in Figure 1 we get
and
where
Fig. 1 Baseband receive signal model.
The complex envelope of received signal can be given by
MAXIMUM LIKELIHOOD ESTIMATION OF TEC AND RECEIVED POWER BASED ON BINNED DATA
We consider observations of a random vector which has a multivariate Gaussian probability density function (pdf) parameterized by the parameter vector θ, denoted by (x[ ]; θ). The realization of the random variable at time instant is given by x[ ] and = 1, … , . The pdf is given by
where the discrete signal model with = and = 1/2 can be given by 
For large data samples ( → ∞) , the log-likelihood function becomes difficult to compute since one has to sum log ( (x[ ]; θ)) for all observations . In such cases instead of recording all the observations we can build a histogram with a number of entries b = [ 1 , … , ] ∈ ℕ 0 ×1 in bins with = 1, … , as outlined in G. Cowan (1998) . The expectation
×1 of the number of entries can be given by
where x min and x max are the bin limits of the histogram and (θ) is the probability of an entry in the -th bin of the histogram. We define vector inequality (as used above in (12) 
One can regard the histogram as a single measurement of a -dimensional random vector with a realization b for which the joint pdf is given by a multinomial distribution, as shown in G. Cowan (1998) 
Thus, the probability to be in bin is expressed as the expectation (θ) divided by the number of observations . The loglikelihood is given by
Dropping all terms that are not dependent on θ we can write
In our case, this can be solved by a grid-search in θ based on (2) using an appropriate model for ( ; θ) and ( ; θ) following (5) and (6) to derive (θ) = (θ). Additionally, the receive antenna gain ≈ 50 dB and the beamwidth of the antenna is so small that the signal of only one GNSS satellite is received with a signal-to-noise-ratio ( In the next section, we will assess the performance of the proposed estimator given in (19) using high gain antenna measurement data.
ESTIMATION OF SLANT TEC AND BROADBAND IONOSPHERIC CORRECTION
We propose that the characteristic distortion of the signal modulation constellation diagram is exploited to estimate the ionospheric TEC as described in (9) - (19), especially in the case of high gain antenna measurements (Thoelert et al. 2013) . Figure 2 illustrates the working principle of the maximum likelihood TEC estimator as described in (19).
The graph on the left-hand side shows the constellation histogram of a measured and Doppler corrected Galileo E5 signal. A characteristic like a "buzz saw blade" can be observed. And indeed, if the measured signal is corrected with the dispersive ionosphere model at 82 TECU the signal power is shifted remarkably close to the nominal constellations shown in the right part of Figure 2 . We attribute the remaining distortion to the satellite payload, the antenna phase, and noise. Nevertheless, the striking improvement of the signal shape is a strong indicator that the TEC was correctly estimated. We have also analyzed a complete satellite path with data acquisitions every 5 minutes and performed slant TEC estimations using each snapshot. Figure 3 shows the result of the TEC estimation based on the Doppler corrected I-Q-samples and based on the method described within this paper (solid red line). In comparison, the TEC values calculated based on a vertical TEC map, are presented. For this processing, the simple thin-shell ionospheric layer model has been used to convert the vertical TEC map information into slant TEC values corresponding to the signal propagation path. Furthermore, a GNSS receiver (Septentrio PolaRx4TR) was connected in parallel to the high gain antenna during the I-Qsample recording. Dual-frequency GNSS observables can be used to calculate the slant TEC values. The challenge in this approach is the correction of the additional biases based on the satellite payload and GNSS receiver behavior. The first one can be compensated using IGS MGEX products. Using the provided differential code bias (DCB) of the observed satellite, a TEC map, and measurement observables, one can calculate the DCB of the used receiver. For this procedure, the discrepancy between the TEC map information and the actual ionospheric conditions during the calibration has to be negligible. To achieve this, receiver observables at high elevation during a nighttime satellite pass were utilized, when the vertical and slant TEC are nearly identical and the absolute influence of the ionosphere is minimal. Now one can determine the slant TEC based on the GNSS dual-frequency measurements. These results are shown in the dashed curve (green) in Figure 3 . The mean and standard deviation of the relation of ionospheric TEC estimation based on the I-Q-samples regarding the TEC map and the GNSS receiver results are given in Table 1 , respectively. The residuals show good performance of our proposed method in comparison to the other two common ionospheric TEC estimation methods, using TEC maps or a GNSS receiver connected to the high gain antenna. A literature review provides an accuracy between 2 and 9 TECU according to IGS TEC map products (Johnston 2017) and around 1 TECU (RMS) for very precise TEC map products (Jakowski 2017) . But note that also between TEC map products a difference up to 12 TECU can be present (Li 2017) . For low TEC (low TECU), the results are by trend a bit higher than from the two other methods. For higher TEC (high TECU), the results seem to be a bit more stable (see Figure 3 for TEC higher than 20 TECU).
CONCLUSION
In this work, we have proposed a novel method to estimate the ionospheric electron content directly from the single frequency signal high gain antenna measurements. We have demonstrated that the proposed method to estimate slant TEC based on I-Qsamples from a high gain antenna performs at least similarly well as methods based on TEC maps or using a calibrated GNSS receiver connected to the high gain antenna (dual-frequency measurements). We would like to point out that high gain antenna measurements are independent of code correlation. Additionally, the received signal is de facto unaffected by multipath and interference because of the narrow aperture angle (0.5°) of the antenna. Our proposed method thus is inherently free of these uncertainties that might otherwise be critical in the case of conventional GNSS receiver measurements. Caused by the used data basis the proposed method could not be used in typical mass-market GNSS receivers, but the method can provide independent ionosphere TEC value estimation for approval purposes of the receiver based TEC map estimation. Further developments in receiver architecture regarding the use in signal performance monitoring systems are going in the direction of multi-correlator receivers, which would also be a common application for wideband single frequency TEC estimation and correction. Additionally, the application could be very useful during in-orbit tests of new satellites. At this time no direct dual frequency analysis for TEC estimation is available because mostly these types of satellites are set unhealthy until the complete evaluation of their signal quality.
